The Biot model is widely used to model poroelastic media. Several authors have studied its applicability to cancellous bone. In this article the feasibility of determining the Biot parameters of cancellous bone by acoustic interrogation using frequencies in the 5-15 kHz range is studied. It is found that the porosity of the specimen can be determined with a high degree of accuracy. The degree to which other parameters can be determined accurately depends upon porosity.
Introduction
Cancellous bone is a two component material consisting of a calcified bone matrix with interstial fatty marrow. Hence mathematical models of poroelastic media are applicable.
McKelvie and Palmer, 6 Williams, 7 and Hosokawa and Otani 5 discuss the application of Biot's model for a poroelastic medium to cancellous bone. Use of this model requires determination of the parameters upon which it depends. This can be an expensive process. In this article we investigate whether these parameters can be ascertained by acoustic interrogation.
The Biot Model Applied to Cancellous Bone
The Biot model treats a poroelastic medium as an elastic frame with interstial pore fluid. Cancellous bone is anisotropic, however, as pointed out by Williams, if the acoustic waves passing through it travel in the trabecular direction an isotropic model may be acceptable. We will simulate a two dimensional version of the experiments described in McKelvie and Palmer and Hosokawa and Otani. The motion of the frame and fluid within the bone are 
The stress-strain relations are e xx = ∂u ∂x , e xy = e yx = ∂u ∂y + ∂v ∂x , e yy = ∂v ∂y .
The parameter µ, the complex frame shear modulus is measured. The other parameters λ, R and Q occurring in the constitutive equations are calculated from the measured or estimated values of the parameters given in Table 1 using the formulas
where The bulk and shear moduli K b and µ are often given imaginary parts to account for frame inelasticity. Equations (1), (2) and ( 
Here ρ 11 and ρ 22 are density parameters for the solid and fluid, ρ 12 is a density coupling parameter, and b is a dissipation parameter. These are calculated from the inputs of Table 1 using the formulas ζT (ζ) 1 − 2T (ζ)/iζ (7) where T is defined in terms of Kelvin functions T (ζ) = ber (ζ) + ibei (ζ) ber(ζ) + ibei(ζ) .
The bone specimen is assumed to oscillate harmonically in time: u(x, y, t) = u(x, y)e iωt , U(x, y, t) = U(x, y)e iωt . Substituting these representations into (6) gives 
The article of McKelvie and Palmer contains estimates of the Biot parameters of cancellous bone in the human os calcis (heel bone) for the normal (β = 0.72) and severely 
used by Hosokawa and Otani. Here V f = 1 − β is the bone volume fraction. Theoretically n = 1 for waves travelling in the trabecular direction and is between 2 and 3 for transverse waves, however there is enough randomness in the trabecular direction in bone that authors have empirically adjusted the exponent to agree better with experiment. Williams arrived at a value of n = 1.23 based on comparing the Biot predictions for Type I compressional and shear wave velocity assuming the form (10) to the measured speeds obtained from experiments conducted on samples taken from bovine tibia. Hosokawa and Otani found that n = 1.46 agreed well with their data from experiments on bone specimens from bovine femora. We shall use the exponent of Hosokawa and Otani and also their values E = 2.2 × 10 10 , ν = 0.32 for the Young's modulus and Poisson ratio of solid bone.
• The imaginary parts of K b and µ were calculated using a log decrement : Im K * b = Re K * b /π, Im µ = Re µ * /π with a value = 0.1 which is typical of that used in underwater acoustics. There appears to be little sensitivity to these parameters, however.
• The structure factor was calculated using the formula of Berryman α = 1 − r(1 − 1/β) with r = 0.25, again following Williams and Hosokawa and Otani.
• The pore size parameter was estimated by McKelvie and Palmer using electron microscopy and by Hosokawa and Otani using x-ray examination. Figure 1 shows that their estimates indicate that pore size is approximately a linear function of porosity. • Permeability is a difficult parameter to estimate. Figure 2 shows 
where K ≈ 5 is an empirical constant, the relation is not log-linear. Figure 2 shows that if pore size is indeed a linear function of porosity as indicated by Fig. 1 , then permeability, as predicted by (11), will deviate significantly from log-linearity. Table 3 gives the values we shall use for the other Biot parameters. The value for ρ f is from McKelvie and Palmer, but the value used by Hosokawa and Otani, 930, is similar. Likewise both sets of authors used about the same value for viscosity η. The fluid bulk modulus K f is from Hosokawa and Otani. The frame material densities used by McKelvie and Palmer and Hosokawa and Otani were somewhat different. Williams reports a range of estimates for bovine cortical bone of ρ r = 1930 → 2000. We follow Williams and Hosokawa and Otani in using ρ r = 1960. The frame material bulk modulus was calculated from (10) with V f = 1. The question we shall address is whether it is feasible to recover some of the Biot parameters by measuring the acoustic field arising from a point source placed in a tank of water containing a specimen of bone. Based on the discussion above the parameters we shall seek to recover are the ones concerning which there is the most uncertainty: porosity β, permeability k, pore size a, structure factor α and the real parts of the bulk and shear frame moduli K b and µ.
Finite Element Formulation of the Problem
A bone specimen is placed in a water tank. The region occupied by the bone specimen and the water are Ω b and Ω w respectively. In Ω w we have in the two-dimensional case the differential equations for fluid pressure P and displacement [U w , V w ]
assuming a source S located at (x 0 , y 0 ). Multiplying by a test function and applying the divergence theorem gives
where the unit normal vector n w points into the bone. In two dimensions the Eq. (8) are
The finite elements package FEMLAB was used for the computations in this article. In FEMLAB systems of partial differential equations are written
with the summation notation convention in effect. For the Biot equations without a source α, β, γ, f = 0 which gives
Multiplying (15) by a test function φ and integrating over Ω b gives
Applying the divergence theorem gives
where n b = (n bj ) is the outward unit normal from Ω b . We consider the two dimensional case x 1 = x, x 2 = y and take u 1 = u, u 2 = v, u 3 = U, u 4 = V . The stress tensor T j = c kji ∂ x i u k must be chosen appropriately for the interface conditions. At the water-bone interface the following conditions are required (cf. Ref.
4)
• continuity of flux:
• continuity of stress: P = σ xx + σ, P = σ yy + σ, σ xy = σ yx = 0 • continuity of pore fluid pressure: βP = σ.
This suggests we take
It then follows from (1), (2) and (3) that
and similarly for ∂ x j T j2 and ∂ x j T j4 . Adding (13) 3 to (13) 1 and (13) 4 to (13) 2 gives the desired form of the equations
Thus we want
In FEMLAB interface conditions are of the form n · (c∇u) + q · u = 0 where for this problem
The interface conditions are
and thus
Here n w points into the bone.
• Continuity of stress:
since an expansion of the bone induces a compression (P < 0) in the water. Here n b points into the water.
• Continuity of pore pressure:
This gives
Preliminary Explorations
We want to simulate the following experiment: a rectangular bone specimen of the approximate dimensions of the ones used in the experiment described in Hosokawa and Otani, 0.01 × 0.03 m is placed in a tank of water. A time-harmonic point source is located at the origin.
The tank is open at the top whence we use a pressure release condition P = 0. The sides of the tank are assumed to be perfectly reflecting ∂P/∂n = 0. The dimensions of the tank will be based upon a distance s: The bone specimen is centered on the x-axis a distance 2s to the right of the origin. The left edge of the tank is at x = −s. The surface of the water is a distance 2s above the top of the bone, the bottom of the tank a distance 2s below the bottom of the bone and the right edge of the tank a distance 2s from the right edge of the bone. We will experiment with different values of s.
We shall assume that the acoustic field generated by the point source has values P * ij at points (x i , y j ), i = 1, . . . , L, j = 1, . . . , M located in the tank. A set of Biot parameters which produces trial values P ij will be compared to the "measured" values using the objective function
Thus the problem is minimize the objective function. The minimization will be carried out using the Nelder-Mead simplex algorithm. The process is complicated by the various errors involved: (1) in an actual experiment there would be errors in the measurements P * ij , (2) the trial values P ij are calculated from the Biot model and thus will be in poor agreement with the measured values to the extent that the Biot model is a poor approximation to cancellous bone, and (3) since the trials values will be calculated using the finite element method, there will be discretization error as well. Lacking experimental data, we are not in a position to assess the effects of the first two types of error. Consequently we will focus on the third type. To assess it we will calculate the "measured" data P * ij assuming the Biot model and using a finite elements mesh which is the third refinement of FEMLAB's initial mesh, but use only two refinements when calculating the trial fields P ij . Figure 3 shows the result of calculating the objective function f (P ij , P * ij ) for the size parameters s = 0.03, 0.07 and s = 0.10 m with measurements taken at 10 points in the middle 80% of the tank along two vertical lines, one midway between the source and the bone specimen, the other midway between the bone and the right edge of the tank. Both P ij and P * ij were calculated using the Biot parameters given for porosity β = 0.72 in Tables 2  and 3 , but P ij was calculated using two refinements of the initial finite element mesh whereas P * ij was calculated with three refinements. As can be seen the agreement between the two fields varies considerably with frequency, suggesting that the expediency and the success in recovering the Biot parameters of the bone specimen may depend on the interrogating frequency. The values of the objective function are large above about 7 kHz for s = 0.10 and about 10 kHz for s = 0.07 suggesting that calculating the trial data with two refinements of the initial mesh may be inadequate for tanks with dimensions on the order of a half meter on a side. While the agreement is good at frequencies in the low kilohertz range the question arises as to whether this is simply due to little interaction with the bone specimen.
To investigate the influence of the interrogating frequency and the effect of using two refinements of the finite elements mesh for the trial data, but three refinements for the simulated data, we attempted to recover six Biot parameters starting with guesses that were in fact the correct values for the target specimen. Table 4 shows the results of attempting to recover the six parameters β, k, a, α, Re K b and Re µ using the Nelder-Mead simplex method to perform a multivariate minimization on the objective function (16) at different frequencies when the tank size parameter was s = 0.03. As can be seen the real part of the bulk modulus became negative at 1 kHz, suggesting that interaction with the bone at low frequencies may be insufficient to determine some parameters. The three frequencies 6500, 8000 and 9000 were chosen because they represent respectively the cases where for β = 0.72 the agreement in pressure between two and three refinements of the finite element mesh was good, intermediate and poor (cf. Fig. 3 ). For these three frequencies between 5 and 10 kHz there was no easily discernible pattern as to which frequency produced the best results for a particular parameter. It may be noted however that the porosity estimates were somewhat more accurate at 6500 Hz where the agreement for two and three refinements of the finite element mesh was best. Also noteworthy is that the pore size parameter was in three instances off by a factor of more than two, indicating this parameter may not be Table 4 . Results of an application of the simplex method when the initial guess for the parameters was the correct one for the target specimen. Three refinements of the initial finite element mesh were used for the target data, two for the trial data. Table 5 . Number of iterations and evaluations of the objective function and final value of the objective function resulting from an application of the simplex method, the results of which are shown in Table 4 . Table 6 . Results of an application of the simplex method when the initial guesses for the parameters were those for cancellous bone of porosity 0.81 (see Table 2 ). Three refinements of the initial finite element mesh were used for the target data, two for the trail data. strongly influential and that, except for bone of porosity 0.95 the structure factor α drifted far from its initial (correct) value indicating that this parameter is not influential for bone at the lower porosities. Table 5 indicates that there was wide variance in the number of iterations and evaluations of the objective function the simplex method required to converge. There was no strong correlation between frequency and efficiency for the three frequencies tested. It may be noted however that at 6500 Hz where the initial agreement was best, the reduction of the value of the objective function was least. Since reduction of the objective function below the value produced by the correct values of the parameter when two refinements of the finite element mesh are used represents uncertain progress, this may be a virtue.
Another preliminary test that we conducted was to see if a simple scheme for supplying initial guesses for the six parameters to the simplex minimization method would suffice. Table 6 shows the results obtained when the initial guesses were the parameters for cancellous bone of porosity 0.81 and the targets were bone of porosities 0.72, 0.75, 0.83 and 0.95. This simple approach worked well for the three lower porosities, but poorly for β = 0.95. Hence if parameter recovery is to be successful over the entire range of porosities that are expected, a more sophisticated algorithm is required.
An Algorithm for Recovering the Biot Parameters
As indicated in the last section the recovery of the Biot parameters of a bone specimen by a minimization may be successful if sufficiently good initial guesses for the parameters can be found. We will generate these guesses by first formulating the problem as a univariate minimization problem for the single parameter porosity. This is feasible because of the various formulas relating other Biot parameters to porosity discussed in Sec. 2. Since these formulas were used in creating the target Biot parameters that we are trying to recover, variations based on the uncertainties mentioned were incorporated where possible. For a given value of porosity β • Re K b (β) and Re µ(β) are determined from the formulas (10). Since the values for the target specimens of Table 2 were determined using Hosokawa and Otani's value n = 1.46 we used Williams value n = 1.23 in calculating the trail data in the univariate minimization process. • The values of all other Biot parameters are taken from Table 3 .
For any given porosity β a set of Biot parameters can be constructed as described above and from this a pressure field P ij (β) calculated using finite elements with two refinements of the initial mesh. At a given frequency the "measured" data P * ij can be calculated using three mesh refinements and the value of β which minimizes the objective function f (P ij (β), P * ij ) found. Figures 4 and 5 show the results of this univariate minimization procedure over the frequency range 1-15 kHz when the target specimens had porosities 0.72 and 0.83 respectively. The minimum was sought in the range 0.60 ≤ β ≤ 0.99 and the tank size Table 7 . Results of two applications of the simplex method. Three refinements of the initial finite element mesh were used for the simulated data, two for the trial data. The values for permeability were the first set in Table 2 . parameter was s = 0.03. Except at a few frequencies the estimated porosities were close to the target values. Also shown are minimum values of the objective function at each frequency. As Fig. 6 shows these minimum values follow the trend of those for s = 0.03 in Fig. 3 , and thus we have a means of finding frequencies at which the agreement between trial and "measured" pressure fields may be good without knowing the Biot parameters for the target specimen. Tables 7-14 show the results of using the simplex method to perform a multivariate minimization when the pressure data and Biot parameters for the target specimens were calculated different ways. The algorithm used was as follows: The univariate minimization procedure described above was used to generate initial estimates, labeled "Guess 1" in the Tables, for the six Biot parameters for which values were sought. The frequency used was the one that produced the best agreement between trial and "measured" data in the frequency range 5.5-10 kHz (cf. Figs. 4 and 5) . The Nelder-Mead simplex method was initialized with these values. As can be seen in Tables 7 and 9 the initial estimates for porosity and hence the other parameters were good when the target permeabilities were the first set in Table 8 . Wave speeds and attenuations resulting from two applications of the simplex method. Three refinements of the initial finite element mesh were used for the simulated data, two for the trial data. The values for permeability were the first set in Table 2 . Table 9 . Results of two applications of the simplex method. Three refinements of the initial finite element mesh were used for the simulated data, two for the trial data. The values for permeability were the second set in Table 2 . Table 2 , but sometimes were poor when the second (Kozeny-Carmen) set of permeabilities was used. The simplex method was always fairly successful in determining the porosity, but was sometimes less successful in determining the other parameters. The result of the first application are referred to as "Result 1" in the Tables. To see whether a better initial guess for the parameters would improve the accuracy of the other parameters, a new initial guess, labeled "Guess 2", for the simplex method was constructed using the porosity, bulk and shear moduli determined by the first application, but with the pore size and permeability calculated from the value of porosity found by the first application using the regression lines shown in Figs. 1 and 2 . The result of this second application is referred to as "Result 2" in the Tables. Tables 8 and 10 express the results in terms of an alternative set of parameters, the speeds c p1 and c p2 of type I and II compressional waves, the speed c s of shear waves, and the attenuations γ p1 , γ p2 and γ s , measured in decibels per wavelength, of the three types of waves. See Ref. 4 for the details of how these quantities are computed. Tables 11-14 give the results of applying the guess and refine procedure at frequencies 8 and 9 kHz (cf. Table 5 ). 
Conclusions
In discussing the results of our simulations we consider the specimens of porosities 0.72, 0.75 and 0.83 separately from that of porosity 0.95 since different parameters were influential in the latter case. Tables 15 and 16 give the percentage relative errors made by the algorithm described in the preceding section in determining the five Biot parameters porosity, permeability, pore size, and real parts of the bulk and shear moduli. The structure factor is not included since was rarely determined with much accuracy and often the value found was well below its theoretical minimum of 1.00. The algorithm was uniformly successful in finding the porosity to within 3%. Percentage errors for all of the remaining parameters were often higher, but the target values of these parameters varied over at least one order of magnitude. In the case when the permeability of the specimen was the first one given in Table 2 the second application of the simplex method did not improve the results, indeed as indicated by the averages in the last rows of Table 15 , they were slightly worse. This is not surprising since the regression lines used in estimating the permeability and pore size for Guess 1 yielded good estimates, assuming the estimate for porosity was accurate. When the target specimen had the second (Kozeny-Carmen) value for permeability the situation was different. The second application of the simplex method substantially improved poor results for permeability and pore size for the specimens of porosity 0.75 and 0.83. At the other two frequencies tested, 8 and 9 kHz, the determination of porosity was on the whole slightly less accurate (Tables 17-20) . Also the procedure failed to find a reasonable value for permeability for the specimen of porosity 0.83 at 8 kHz (Table 17) . The percentage errors made by the algorithm in determining the parameters of the specimen of porosity 0.95 are given in Table 21 . The algorithm was successful in determining the porosity and the estimate for the structure factor was much more accurate than for the lower porosity specimens. Determination of the pore size parameter and the real parts of the bulk and shear moduli was less accurate than at the lower porosities. Determination of permeability was very inaccurate when the Kozeny-Carmen values were used and therefore the initial guesses given to the simplex method were poor. Thus only the porosity seemed to be reliably ascertainable. Table 13 . Results of two applications of the simplex method at 9 kHz. Three refinements of the initial finite element mesh were used for the simulated data, two for the trial data. The values for permeability were the first set in Table 2 . Table 14 . Results of two applications of the simplex method at 9 kHz. Three refinements of the initial finite element mesh were used for the simulated data, two for the trial data. The values for permeability were the second set in Table 2 . 
